A method is presented by which the product composition and temperature of constant pressure combustion reactions can be calculated for non equilibrium conditions, by constraining the products free energy and entropy. The calculations for a hydrogen/ oxygen system are compared with chemical kinetic predictions. From the calculated compositions the relationship between free energy and extent of reaction are derived and thence how the individual product mole fractions vary with extent of reaction. The application of these techniques to modelling combustion chemistry is discussed.
Introduction
The principal chemical model used in computational fluid dynamic (CFD) modelling of combusting flows is based on chemical equilibrium. For a given fuel and oxidant, if their concentrations are known together with the system temperature and pressure, the chemical composition and final temperature of the combustion reaction can be calculated. Combustion product concentrations and product mixture temperatures are held as functions of the oxidant to fuel ratio (o/f). This is usually expressed as a mixture fraction (mf) where:
mf is used for computational convenience since it varies between 0 and I and does not give rise to infinity when only oxidant is present. The CFI) solution, for a given point, would contain fluid flow data including the mf probability density function (pdf); this describes how the mixture fraction at that point varies due to the turbulence of the system. By combining this pdf with the product and temperature functions of mf, the individual pdfs can be calculated which, when integrated, give the final product concentrations and temperature at that point.
The most widely used calculation procedure is that of Gordon and McBride (1994) . This model makes few assumptions, is robust and can handle a wide range of fuels and oxidants over a wide temperature range (200 to 6000K). Its flexibility is only limited by the number of chemical species, and their associated chemical and thermodynamic data, stored in the programs data libraries. Many years of development have refined the model so that it can handle complex fuels, oxidants and product distributions including condensed phases.
The principal limitation of equilibrium models is the assumption of chemical equilibrium itself. In real combusting systems equilibrium is not achieved. Measurements of chemical compositions inside gas turbine combustors made at DERA have shown that in fuel rich regions of the flame the chemical compositions are considerably different to equilibrium. Figure 1 (Hurley 1994 ) summarises this by showing the differences between the measured and equilibrium concentrations of CO 2, CO and H2 for a kerosene air flame at 7 bar and an inlet air temperature of 800K. Measurements approach equilibrium for lean mixtures (mf < 0.04). In richer mixtures (mf > 0.1) CO and H2 are over-predicted and CO 2 under-predicted. Similarly both hydrocarbon and solid carbon (soot) concentrations are much greater than equilibrium predictions (Hurley 1994 ). For ml < 0.02, in the combustor exhaust, temperatures, calculated from the measured gas composition, agree well with equilibrium predictions. However despite this agreement, on closer examination of the measured product compositions, deviations from equilibrium can still be seen. Measured compositions have higher concentrations of CO and unburned hydrocarbons (HC) and much lower concentrations of oxides of nitrogen (N0x) than predicted by equilibrium calculations (Hurley 1994) . Inaccurate estimates of temperature and composition will lead to errors in the computation of the flow field, principally due to inaccurate estimation of local gas densities. Therefore there is a case for developing a non equilibrium chemical model which could compensate for these errors. Such a model would combine the simplicity and flexibility of the equilibrium model but more accurately predict compositions temperature and densities in rich regions of the flame and pollutant emissions in combustor exhausts. Rather than write a computer program from scratch it was decided to modify the latest NASA Lewis equilibrium code, Chemical Equilibrium Applications (CEA) (Gordon and McBride 1994) . This paper details changes made to subroutines of CEA in order to obtain solutions other than equilibrium. To simplify the interpretation of the programs diagnostic output and to aid comparisons with chemical kinetic calculations, the non equilibrium program was developed on a simple hydrogen/oxygen system. However modifications were made in such a way as not to interfere with the generality of the program.
CURRENT EQUILIBRIUM CODE

General
The principal of operation of CEA is that for a given set of reactants (fuel and oxidant) and chemical reaction conditions (temperature, pressure etc.) the equilibrium product composition will be that combination of products that has the lowest energy. Here by energy is meant the thermodynarnic energy which, at constant temperature and pressure, as in the case of gas turbine combustion, is the Gibbs free energy (G). Since G is a function of temperature solving for a minimum in G also determines the final temperature of the system. The following sections outline how CEA works in more detail. The product species can exist in all three phases solid, liquid or gas. In order to simplify modifications to the calculation, in this initial phase only gaseous products will be considered.
Where I is the number of chemical elements in the system. Two further equations defining the system can be added to 3 and 4. If n is defined as the total number of kilogram-moles per kilogram of product mixture then this must equal the sum of the product ni's NC E n • -n=0
l=1 and H =Ho (6) where H and Ho are the specific enthalpies (internal energy at constant pressure) of the products and reactants respectively. Equation 6 is merely a statement that the reaction is adiabatic. The four equations 3 to 6 are used in conjunction with a Newton Raphson method of iteratively finding a minimum by successive approximations. The technique involves Taylor series expansions of the equations with all terms truncated that contain derivatives higher than the first. Logarithmic forms of the correction variables are used for arithmetic convenience and all relevant terms are non-dimensionalised (to make the calculation independent of units) by dividing by RT. where R. is the gas constant and T the absolute temperature of the product mixture. The correction variables used are: Alrm i (j = I to NO), Alnn, AInT and it; = -/s/RT. The large number of equations can be reduced by substituting for Alnn i. This is achieved by rearranging the Taylor expansion of Equation 4 to give 7:-
For a mixture of NO gases the free energy per kilogram of mixture is given by:
Where is the chemical potential or partial molar free energy per kilogram-mole of species j and n i the number of kilogrammoles of species j per kilogram of mixture. The condition for equilibrium is the minimisation of this function. However, there is another condition that must simultaneously be met, that the reactants and products must be in mass balance i.e. the quantitative elemental composition of the products must be the same as that of the reactants.
Where aij is the number of kilogram-atoms of element i per kilogram-mole of species j and bj° is the number of kilogramatoms of i per kilogram of total reactants. For a stationary point (min or max) if two conditions are to be satisfied simultaneously they can be linked by Lagrangian multipliers (3.). If this is done and the resulting equation differentiated with respect to ni then the condition for a minimum becomes:
and substituting for Alnni in the Taylor expansions of Equations 4, 5 and 6 to give the required number of linear simultaneous equations of the correction variables.
CONSTRAINING FREE ENERGY
Non equilibrium compositions will have a free energy which is at some value between that of the reactants and the equilibrium products. Therefore to calculate the product composition which has a total free energy of g the following constraint must be placed on the calculation:
Equation 8 can be thought of as just another condition that must be satisfied at the minimum along with the mass balance Equation 3. Therefore it can be tied to the conditions for a minimum by its own Lagrangian multiplier a, this gives on differentiation with respect to n i :
Equation 9 provide the extra row. Taylor expansions and substitutions for ilInnj were similar to those for CEA, the iteration variables were Alnn, AInT, Act and it,.
Hence G is a linear function of T as is shown in Figure 5 ; another interpretation is that --(13) Convergence was achieved after an extra relaxation factor was applied to the correction of the natural logarithm of temperature. The validity of the result was confirmed by checking that it gave the correct free energy and that the mass balance was satisfied. The calculated temperature was confirmed by an enthalpy balance calculation. The normal initial estimate for the temperature in CEA is 3800 K, on changing this it was found that the calculated product mixture and temperature changed indicating that the system was insufficiently constrained in that the calculated solution was not unique. It was also noticed that when G was close to that of the reactants the entropy of the products was less than that of the reactants, an impossible result for an irreversible process. It was therefore decided to further constrain the system by fixing its entropy as well as well as its free energy.
CONSTRAINING ENTROPY
The additional constraint was that:
where s is the set entropy at some value between that of the reactants and that of the equilibrium products. Linking this to the conditions for a minimum via another Lagranian multiplier 13 gives in as an alternative to Equation 9:
.i=l j=1 j=1 ism] The expression for Alnn i obtained from the Taylor expansion of Equation II when substituted into the expansions of the other equations gives terms in ap. The extra equation necessary to obtain a solution was obtained from the Taylor expansion of Equation 10.
Predicting Entropy
The next step was to determine how S varied with G during the course of the reaction. An adiabatic hydrogen/oxygen system with both reactants at 1000 K and I bar, and an oxidant to fuel mass ratio of 25.39 was modelled with Sandia's chemical kinetic code CHEMIUN. 1000 K was chosen as the reactant temperature to ensure reaction. The reaction was modelled in a plug flow reactor using the Gas Research Institute 14 2/02 mechanism. Thermodynamic calculations were carried out on the system composition with time to give plots of both G and S with time as shown in Figures 2 and 3 . Figure 4 is a plot of S vs. G. (12) H is constant (1071.52 1(1/Kg for the above system) and small compared with the changes in G, also the increase in entropy between the reactants and products is small (see Figure 3) . G H° (14) T T
From the definition of G:-
G= H -TS
The equilibrium composition and thermodynamic properties of the system can be calculated using CEA, those of the reactants are defined. From these the linear relationship between T and G can be calculated, thus Equation 14 becomes Figure 6 shows a plot of this function superimposed on Figure  4 . Hence, for a set value of 0,5 can be reasonably predicted.
With the above constraints on G and S the program converged, however, as with the previous version an extra relaxation factor had to be applied to the correction of JAInT. Comparisons of converged solutions with different initial estimates of both temperature and composition still gave differences in the predicted product mole fractions. However these were much reduced being confined to the third significant figure. It appeared that the system had to be further constrained as follows:
Final Constrained Solution
The final constraint applied to tie G and S to the mixture composition was: E,",+"Ep; -firEs; + 9 TEsi +Ep. ,
Since G is defined from which S is calculated and H is constant, then from Equation 12, T can be calculated. Therefore T need not be an iteration variable, if it is the system is over-defined. This was probably the cause of convergence instability requiring the extra relaxation factor on the correction of AInT. The Taylor expansion of Equation 17 for each species
when rearranged in terms of Alnn i is:-
Substitution in the Taylor expansions of Equations 3, 5, 6, 8 and 10 gave the iteration equations shown in Appendix 1. The correction variables being: Alnn, da, 8f3, AO and
Convergence was achieved without any extra relaxation factors. The standard initial estimate of total number of moles n is 0.1Kg-moles/Kg and hi = 0.I/NG Kg-moles/Kg. Varying n between 0.05 and 0.2 gave identical solutions to seven significant figures, with convergence limits of 10 4 on Aa, 8(3 and AO. Hence the system was sufficiently constrained to produce a unique solution. Attempts to converge on equilibrium failed, the closest approach was with a free energy set at 0.04% above equilibrium, the results are illustrated in Table I .
COMPARISON WITH KINETIC CALCULATIONS
The H2/02 system had a reactant and equilibrium free energy of -9648.2 and -33165.7 KJ/Kg of mixture respectively. Non equilibrium compositions with values of G from equilibrium (-33165.7) to -24000 KJ/Kg were calculated and the results compared with those from CHEMKIN in Figures 7 to 15. There is a limit as to how far back the reaction can be tracked. since fixing the value of G and S to that of the reactants does not result in the reactants as products, since they do not represent a local minimum; the program will predict the reactants as products if it is additionally constrained to consider only H2 and 02. All the major species, with the exception of OH, show the same concentration trend with G. 0 2 and H20 being particularly close. H0 2, H202 and 03 (not shown) have the largest relative divergence,-however their absolute concentrations are low. The agreement between temperatures is a reflection of the ability of Equation 15 to predict entropy. Generally non equilibrium mixtures have higher concentrations of free the radicals OH and H0 2 than are found in mixtures calculated with CHEMKIN. The agreement between the two at equilibrium is artificial since CHEMKIN calculations are constrained to converge on equilibrium. Generally with the exception of H202, H02, OH and 03, non equilibrium concentrations are in reasonable agreement with kinetic predictions as is also the temperature. Interestingly attempts to obtain convergence at the G and S of CHEMKIN mixtures failed. The CHEMKIN conditions were found to be outside the solution domain of the non equilibrium program; this was probably due to the entropy of the CHEMKIN products being high, see Figure 6 , e.g. CHEMIC1N equilibrium entropy was 11.9901 compared to CEA's 11.9762 KJ/Kg-K. Also the enthalpy of the CHEMKIN mixture which was slightly higher than that of the reactants thus Equation 6 could not be satisfied.
DERIVATION OF THE EXTENT OF REACTION
The above non equilibrium predictions do tell us in terms of free energy how far from equilibrium the system is, but give us no information about the (thermodynamic) reaction progress variable extent of reaction. 
The term -E vimi is a function of state called affinity (A) (De Donder 1920) , at equilibrium -A is also the slope of the function G = f (4). It can also be shown that for an irreversible process (24) (Prigogine 1952), therefore f (4) is concave. Hence the plot of G against 4 will be hyperbolic in nature the curve being asymptotic to the equilibrium value of G (Ge). From the non equilibrium program the product composition and temperature at any point along the curve can be calculated so therefore can the slope Iv, p Equation 23 in discrete form is: -= Iv ii (25) hence if AG and Ev,p, are known then A4 can be calculated. Since the function relating G and 4 is hyperbolic and asymptotic to the equilibrium free energy (Ge) then it may be of the form:
where C is a constant. 
and and amalgamated into three dimensional plots. Since 4 varied over a wide range it was plotted in logarithmic form. Reactant surface plots, such as H1, are concave whilst product surfaces, Ho, are convex. Intermediate surfaces, OH, have both concave and convex regions. The planes marked 'A' represent the conventional two dimensional equilibrium model.
All non equilibrium models e.g. those based on chemical kinetics or laminar flamelets require experimental data for their construction. A non equilibrium thermodynamic model is no exception, since in order to predict the product mixture properties a value of F, has to be assigned to each calculation node in the flow field. Therefore it is of interest to investigate what correlates with F, to aid its prediction.
Since G is a function of time (see Figure 3 ) and C is a function of G, then F, must be a function of time (t). The F, values corresponding to the G values from the kinetic simulation were plotted against t. The kinetic simulation relied on autoignition, whereas in a continuous combustion system incoming fuel and oxidant are ignited by recirculated combustion products. To simulate this the ignition delay time was subtracted from t. The resulting plot is shown in Figure 26 together with the best fa obtained. Figure 27 illustrates how the exponential form holds over the whole data range. If the relationship is exponential then since when 4 = 0 t = 0 theoretically it should be of the form: where 'b' is a constant for a given o/f ratio and reactant temperature and pressure. this is close to the fit in Figure 26 . Therefore with experimental values of 'b', C could be determined from residence time.
Residence time and its pdf are not solution variables in current CFD codes, they can only be inferred by post processing techniques such as particle tracking. A more empirical approach would be to correlate 4 with mf. Measurements such as those shown in Figure I indicate that C is furthest from equilibrium in rich regions and closest in lean regions. Actual flame species measurements could therefore be used to evaluate how C varies with mf.
CONCLUSIONS
A method of obtaining non equilibrium thermodynamic product compositions and properties, by constraining free energy and entropy, has been developed for constant pressure combustion.
Compositions calculated thermodynamically and those calculated from kinetic data are in reasonable agreement.
It is demonstrated that from the calculated compositions it is possible to derive the thermodynamic progress variable, extent of reaction, and how it varies with the systems free energy, Thus how compositions and temperature vary with extent of reaction can also be determined. These two dimensional plots can be expanded to three dimensional surfaces applicable to lamina or turbulent diffusion flames. For a given combustion system extents of reaction may be derived from local residence times or mixture fractions. 
